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The optimal satellite coverage problem traditionally refers to maximizing the visibility of targets against an Earth

background. In this study, the focus shifts to satellite coverage of targets against a space background within a dual-

altitude band defined by an upper and a lower target altitude. Furthermore, because objects against an Earth

background are outside the region of interest, the coverage area to be maximized exists above the local horizon and,

naturally, within a prespecified sensor range. The present analysis is restricted to satellites on circular orbits to

simplify the mathematical development of the objective function. In the course of this development, geometrical

arguments are employed to identify an analytical expression for the resulting coverage area. A graphical analysis

tool, developed during the course of this study, is employed to develop new insight into how the coverage area is

affected by changes in the mutual intersection of these reference surfaces. The result of the study is an objective

function that can be employed in an optimization process in the search for optimal satellite constellations that

maximize coverage of the area of interest.

Nomenclature

A��� = area operator
~A��� = complement of the area operator
ARS\LTAS = area of intersection within the range shell and the

lower target altitude shell
ARS\UTAS = area of intersection within the range shell and the

upper target altitude shell
A△��� = area of a triangle
A�i
��� = area of a type i composite triangle, for i� 1 or 2

A�1
��� = area of a circular sector

A�2
��� = area of a teardrop sector

A���� = area of a circular segment
R = radius of the range shell
Re = radius of the Earth
rl = radius of the lower target altitude shell
rs = radial distance from center of the planet to the

satellite
rt = radius of the tangent height shell
rtar = target radius of altitude shell used in the traditional

single band above the horizon coverage problem
ru = radius of the upper target altitude shell
x̂ = ŷ � ẑ
�x; y� = with the appropriate subscript, denotes Cartesian

coordinates of a point
ŷ = unit vector directed from the center of the Earth to

the satellite
ẑ = unit vector normal to the plane of motion of the

satellite, along the angular momentum vector
� = below the horizon coverage angle
�in = above the horizon entry coverage angle
�out = above the horizon exit coverage angle

�t = above the horizon coverage angle at the tangent
point

Subscripts

A = intersection between a target shell and the tangent
line that is farthest from rs

B = intersection between a target shell and the tangent
line that is closest to rs

S = quantity associated with the satellite
△ = quantity associated with a triangle
�1 = quantity associated with a type 1 composite

triangle
�2 = quantity associated with a type 2 composite

triangle
� = quantity associated with a circular segment
1 = intersections to the right of rs
2 = intersections to the left of rs

Superscripts

_ = circular segment
= line segment

j j = magnitude of a line segment

I. Introduction

T HE available literature on satellite and constellation coverage
typically focuses on sensor visibility against an Earth back-

ground [1]. For example, constellations designed for continuous
global coverage [1–6] can be qualified under the purview of below
the horizon (BTH) coverage [7], sometimes termed as coverage
below the tangent height. The horizon, in this case, is not necessarily
defined relative to the Earth’s limb. Instead, it may be defined relative
to the closest distance to the Earth’s limb where objects are still
visible to the onboard sensors. This minimum distance is referred to
as the tangent height [7], a characteristic specific to the sensor under
consideration. In this study, it is advantageous to define a related
reference surface, the tangent height shell (THS). The THS is a
sphere, concentric with the Earth, for which the radius exceeds that
of the Earth’s by the tangent height. An imaginary tangent line (TL),
originating from the satellite and tangent to any point on the surface
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of the THS, traces a conical shape defined here as the tangent height
cone (THC). Consistent with this terminology, the region of interest
in BTH coverage corresponds to the region inside the THC. Thus,
BTH coverage refers to more than just ground coverage; it also
encompasses coverage of everything the sensors can see below the
horizon, ground-based or otherwise. In general, the literature on
constellations for global coverage is quite extensive. However, to
offer a representative sample, earlier studies byWalker [2–4], Adams
and Rider [5], and Lang [6] can all, in a sense, be qualified as a subset
of BTH coverage, even if not always explicitly stated.

Maximizing BTH coverage [8–11] refers to the identification of
constellation and satellite orbital parameters that maximize the entire

area visible to the sensors below the horizon. For a single satellite,
the altitude that leads to maximum BTH coverage depends on the
capabilities of the sensor. The computation is straightforward if the
satellite is assumed to evolve along a circular orbit and the sensor
range can be modeled as omnidirectional. For instance, in Fig. 1, the
BTH area covered by a single satellite evolving along a circular orbit
is maximized when � is maximized for a given R. That is, the
maximum � occurs when the satellite altitude is such that R and Re
form a right triangle, which leads to �� tan�1�R=Re�.

In constellation design, the optimal BTH coverage problem seeks
to identify the minimum number of satellites required to achieve
continuous coverage and maximize the visible area below the
horizon. A similar goal is applicable in designing constellations
that guarantee continuous coverage above the horizon (ATH) with
a minimum number of satellites [8–11]. Earlier studies on ATH
coverage [8–11] focus on optimal constellations for single-altitude
band ATH coverage. This refers to maximizing the sensor visibility
above the horizon andwithin a single prespecified target altitude. For
example, the illustration in Fig. 2 presents a cross-sectional view of
the Earth, the THS, and the target altitude shell. The line that
originates at the satellite and is tangent to the THS at rt is the TL. The
TL crosses the target altitude shell at two different locations in this
example. The first crossing occurs nearest to the satellite, a distance
R2 � R1 from the vehicle. The second crossing takes place a distance
R2 � R1 away from the satellite. The quantities R1 and R2 are e
asily determined by direct application of the law of cosines and
Pythagoras’s theorem. Thus, R1 and R2 are functions of the problem
parameters, rs, rt, and rtar. The quantity R2 � R1 is useful in
identifying the minimum sensor range required for ATH coverage at
the specified altitude. Similarly,R2 � R1 defines themaximumvalue
of the sensor range needed to cover everything inside the region

Fig. 1 BTH coverage geometry.

Fig. 2 Single-altitude band ATH coverage geometry.
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bounded by the target altitude shell and the horizon. The variation in
coverage area corresponding to these two limiting cases is illustrated
by the shaded regions in Fig. 3.

It is apparent from Fig. 3 that there exists an altitude where sensor
ranges greater than R2 � R1 do not offer any additional coverage of
the target altitude band defined in Fig. 2. Given this information,
maximizingATHcoveragewithin a single-altitude band requires that
the satellite altitude be selected such that the sensor range equals
R1 � R2. In that case, the coverage area is easily determined as the
area of the circular segment in Fig. 2 with chord length 2R1. Of
course, in Fig. 2, another region of coverage exists, one mirrored
about the axis directed from the center of the Earth to the spacecraft.
Because the sensor is omnidirectional, these two mirror sections
ultimately represent the cross section of a three-dimensional cover-
age volume. The coverage volume is fixed and axially symmetric for
a given satellite altitude. Therefore,maximizing the coveragevolume
is equivalent to maximizing the area of any cross section of that
volume about any plane that contains the symmetry axis. As such, all
figures presented in this study, specifically those that depict the
satellite and the coverage area, are ultimately illustrative of the cross
section of the coverage volume onto the satellite orbital plane.

Unlike single-altitude band ATH coverage [8–11], the present
investigation focuses on dual-altitude band ATH coverage. This type
of coverage refers to the visibility of objects that orbit within, or cross
through, a region above the THC that exists within a prespecified
altitude range. This range, termed the dual-altitude band, is charac-
terized by a lower target altitude and an upper target altitude. The
tangent height, and these target altitudes, are used to define three
reference spheres concentric with the Earth. The THS is the smallest
of these reference spheres. The lower target altitude shell (LTAS) is a
reference spherical surface characterized by rl > rt, whereas the
upper target altitude shell (UTAS) is associated with ru > rl > rt.
This initial work focuses strictly on identifying an analytical expres-
sion for the optimal single satellite altitude that maximizes dual-
altitude band ATH coverage due to the complex coverage geometry.

The sensor is once again modeled as omnidirectional. Thus, the
region visible to the satellite can be represented as a sphere, of radius
R, centered at the satellite. This sphere is defined here as the range
shell (RS). The RS moves with the satellite as it orbits the Earth.
Assuming the satellite evolves along a circular orbit, the present
study establishes a functional relation between the satellite altitude
and the effective dual-altitude band ATH coverage area. That is, the
area of the RS that exists below the UTAS, above the LTAS, and
outside the THC. The result is a closed-form objective function that

may be employed in any numerical optimization algorithm used in
the design of constellations primarily aimed at providing maximum
ATH coverage. Naturally, the objective function is only valid for
satellites in circular orbits as that is a fundamental assumption at the
present stage. Although generalizing these results to include ellip-
tical orbits is desirable, it is outside the scope of the present study.
Furthermore, it is important to note that maximizing coveragewithin
a dual-altitude band may only represent one goal of a constellation.
It may also be desirable to consider a multi-objective optimization
where the goal is to maximize coverage within both a dual-altitude
band and a latitude band.However, that application still benefits from
knowledge of a closed-form equation that defines dual-altitude band
ATH coverage as a function of satellite altitude, which is the only
element considered in this investigation.

The determination of coverage area in the single-altitude band
ATH coverage case is straightforward. In contrast, if rt, ru, rl, and
R are prespecified, identifying a functional relation between the
dual-altitude band ATH coverage area and these parameters is not a
straightforward process. However, a continuous piecewise differ-
entiable function is ultimately identified here that successfully relates
the dual-altitude band ATH coverage area to the satellite altitude, the
tangent height, the upper target altitude, the lower target altitude, and
the sensor range. The resulting objective function is then employed to
identify the optimal altitude, for a single satellite, that maximizes
coverage over a range of parameters.

Although there are undoubtedly multiple ways of formulating the
associated objective function, the approach presented here is
geometrical in nature [12]. Furthermore, the optimization process
employed in the examples is a simple combination of grid and
line search methods. The term grid search, as used here, implies the
coverage area function is evaluated at a discrete set of evenly
distributed satellite altitudes, upper target altitudes, lower target
altitudes, and sensor ranges. From this grid, the maximum area,
associated with a given set of parameters, is identified through
programming logic and grid refinement. This is acceptable in this
case because the study considers only one satellite. However,
applying this objective function in a more complex constellation
design problem would certainly benefit from a more sophisticated
optimization approach. It is also important to note that, because the
coverage area is a highly nonlinear function, a significant number of
data points are required to capture the salient changes in area with
altitude in the combined grid/line search method. The results of this
analysis offer great insight into the evolution of the coverage area as a
function of these parameters and constraints. The insight gained from

a) No ATH coverage b) Some ATH coverage c) Maximum ATH coverage 

Fig. 3 ATH coverage changes with decreasing satellite altitude.

MARCHAND AND KOBEL 847



these results serves as a stepping stone to the more complex problem
of constellation design.

II. Minimum Altitude and Condition for Zero
Dual-Altitude Band Coverage Above the Horizon

In defining the range of altitudes to consider during a parametric
study, it is advantageous to identify the minimum allowable satellite

altitude and the altitude at which the satellite provides no ATH
coverage. In this study, the minimum allowable altitude is defined
as the tangent height. For example, if the THS defines the bounds
of the atmosphere, and the sensors are unable to function properly in
the presence of atmospheric interference, then the satellite cannot
be placed below the THS. In contrast, the maximum altitude of
interest corresponds to a point where rs > ru. As illustrated in Fig. 4,
the satellite range offers no ATH coverage at a critical altitude rs3 ,
given by

rs3 �
����������������������������������������������
�R�

���������������
r2u � r2t

p
�2 � r2t

q
(1)

III. Shell Intersections

The geometry of coverage depends on a number of key
intersections defined by the problem parameters: rs, ru, rl, rt, and R.
In the algorithm presented here, the calculation of the coverage area
is a function of the location of these key intersections. The results of
this study reveal that no single closed-form equation exists to define
the dual-altitude band ATH coverage area. At best, a continuous
piecewise differentiable function may be defined. Also, in using
the geometrical approach presented here, the representation of the
coverage area is not unique because there are multiple ways of
decomposing the coverage geometry into fundamental components.
Figure 5 illustrates a sample geometry that depicts all possible
intersection scenarios between the RS, TL, LTAS, and UTAS. This
illustration is useful in establishing the basic notation employed in
this study. It is evident that the maximum number of intersections
possible is 14.Out of thismaximumnumber of intersections, the only
ones guaranteed to exist for all parameters are �T1; T2�, �L1A; L2A�,
and �U1A; U2A�. The remaining intersections may or may not exist

Fig. 5 Shell intersections.

Fig. 4 Critical altitude for zero dual-altitude band ATH coverage,

rs > ru.
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depending on the satellite altitude and the size of the RS. For
example, �U1B; U2B� exist only if the satellite is above the UTAS.
Similarly, �L1B; L2B� exist only if the satellite is above the LTAS.
Also, �A1; A2� and �B1; B2� exist if the RS intersects the LTAS and
UTAS, respectively.

To simplify the process of ultimately extending the present results
to satellite constellations, a rotating coordinate system is selected and
all intersections are determined relative to this coordinate system. In
this frame, the rotating ŷ axis is the line from the center of the Earth to
the satellite, and the x̂ axis is in the plane of the orbit of the satellite
and perpendicular to the ŷ axis, as illustrated in Fig. 5. As such, the
location of the satellite in this rotating coordinate frame is always
given by �xs; ys� � �0; rs�.

A. Intersections of the Range Shell with the Upper and Lower Target

Altitude Shells

The intersection of the RS with the UTAS �B1; B2� is easily
computed by simultaneously solving the mathematical relations that
define the UTAS and the RS. At the point where the RS and UTAS
intersect, the following pair of equations must be satisfied:

x2B1
� �yB1

� rs�2 � R2; x2B1
� y2B1

� r2u (2)

The solution to this system of equations is given by

yB1
� �r

2
u � r2s � R2�

2rs
; xB1

�
�����������������
r2u � y2B1

q
(3)

Of course, the symmetrical nature of the arrangement further implies
that

xB2
��xB1

; yB2
� yB1

(4)

A similar result applies for intersections at A1 and A2,

yA1 �
�r2l � r2s � R2�

2rs
; xA1 �

�����������������
r2l � y2A1

q
(5)

xA2 ��xA1 ; yA2 � yA1 (6)

B. Intersections of the Tangent Line with the Lower Target Altitude

Shell

The TL originates at the satellite �xs; ys� and extends down toward
the THS such that the intersection is tangent when

�t � cos�1
�
rt
rs

�
(7)

as illustrated in Fig. 5. Based on this definition, the slope of the TL
may be expressed in terms of the position of the satellite and the
coordinates of the intersection as follows:

m� yt � ys
xt � xs

(8)

for xt ��rt sin �t and yt � rt cos �t.
Let (xL1A=B

, yL1A=B ) denote the Cartesian coordinates of L1A or L1B.

Then, the intersection of the LTAS with the TL is given by the
solution to the following system of equations:

x2L1A=B � y
2
L1A=B
� r2l ; yL1A=B �m�xL1A=B

� xs� � ys (9)

Since xs � 0 and ys � rs, substitution of Eq. (8) into Eq. (9) leads to

�1�m2�x2L1A=B
� 2mrsxL1A=B � �r2s � r2l � � 0 (10)

Because the preceding equation must be true for either L1A or L1B,
there are really two quadratic equations to solve. Only one of these
equations is guaranteed to have a real set of solutions. The other may
or may not have a solution, depending on whether or not the satellite

is above the LTAS. In addition, due to symmetry, the solution to
Eq. (10) also has a mirror equivalent on the opposite side of rs. Thus,
the preceding equations have at least two solutions, �xL1A;yL1A� and
�xL2A;

yL2A�, when the satellite is below the LTAS. At most, there are
four solutions, �xL1A;yL1A�, �xL2A;

yL2A�, �xL1B;
yL1B
�, and �xL2B;

yL2B
�, if

the satellite is above the LTAS. For the intersections located on the
�x̂ side on Fig. 5, it is clear that m< 0. Thus, if rs < rl, the TL and
LTAS intersect when

xL1A �
�2mrs �

����������������������������������������������������������
4m2r2s � 4�1�m2��r2s � r2l �

p
2�1�m2� (11)

Naturally, xL1B does not exist in this case because the satellite is below
the UTAS. If, instead, rs > rl, the TL intersects the LTAS at a second
point closer to rs than that in Eq. (11). The �x̂ coordinate of this
second intersection is denoted as

xL1B
��2mrs �

����������������������������������������������������������
4m2r2s � 4�1�m2��r2s � r2l �

p
2�1�m2� (12)

In either case, the equation for the TL leads to

yL1A=B �mxL1A=B
� rs (13)

and

xL2A=B
��xL1A=B ; yL2A=B � yL1A=B

(14)

C. Intersections of the Tangent Line with the Upper Target Altitude

Shell

In the event the RS intersects the UTAS, the coordinates of
intersection are easily identified by adapting Eqs. (11–13) to the
intersections with the UTAS:

xU1A
� 1

2�1�m2� 	�2mrs �
����������������������������������������������������������
4m2r2s � 4�1�m2��r2s � r2u�

p



(15)

xU1B
� 1

2�1�m2� 	�2mrs �
����������������������������������������������������������
4m2r2s � 4�1�m2��r2s � r2u�

p



(16)

yU1A=B
�mxU1A=B

� rs (17)

Once again, symmetry implies that

xU2A=B
��xU1A=B

; yU2A=B
� yU1A=B

(18)

D. Intersections of the Tangent Line with the Range Shell

The intersections of the TLwith the RS are identified as T1 and T2.
The Cartesian coordinates of T1 and T2 are determined from the
following system of equations:

x2T1 � �yT1 � ys�
2 � R2; yT1 �mxT1 � ys (19)

The solution to this system of equations is determined as

xT1 �
R���������������

1�m2
p ; yT1 �mxT1 � rs (20)

for

xT2 ��xT1 ; yT2 � yT1 (21)
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IV. Geometrical Elements of the Coverage Area

As previously mentioned, this study reveals that the coverage area
cannot be reduced to a simple generalized equation. Instead, a
continuous piecewise differentiable function may be defined to
assess the effective coverage area. The primary reason for this
complication is that the definition of the coverage area equation
changes with the location of the intersection points �T1; T2� relative
to the intersection points U1A=B, U2A=B, L1A=B, and L2A=B. This, in
turn, depends on a variety of factors including rs, R, the size of the
LTAS and UTAS, and the size of the THS. To establish a systematic
way of identifying the coverage area, the computation is divided
into fundamental geometrical elements, mainly triangles, circular
segments, and combinations thereof [12]. The effective coverage
area is then constructed as the sum of these fundamental area
elements. This section summarizes the coverage area of the
fundamental shapes employed in constructing the piecewise
continuous coverage area function.

A. Triangular Elements

The coverage area function depends strongly on the Cartesian
coordinates of each of the fundamental intersections previously
defined. Thus, it is convenient to define the area of a triangle as a
function of the semiperimeter because this quantity depends only on
the lengths of each side of the triangle. The lengths of each side of a
triangle are easily identified from Cartesian coordinates using the
distance between vertices. The area of a triangle A△, in terms of the
semiperimeter, is given by

A △�a; b; c� �
�����������������������������������������������
s�s � a��s � b��s � c�

p
(22)

where a, b, and c denote the lengths of each side and s is the
semiperimeter:

s� �a� b� c�
2

(23)

B. Circular Segments

The area of the circular segment A� is given by the difference
between the area of a circular sector and the area of a triangle, as
illustrated in Fig. 6. Subsequently, the equation for the area of the
circular segment in Fig. 6 is given by

A ��ru; cT3� � �1=2��r2u|���{z���}
sector

� �cT3ru�=2 cos��=2�|��������������{z��������������}
triangle

(24)

In Fig. 6, the angle � is determined as

�� 2sin�1	cT3=�2ru�
 (25)

where cT3 denotes the chord of the circular segment and

cos
�

2
�

����������������������������
r2u � �cT3=2�2

q
=ru �

��������������������
4r2u � c2T3

q
=�2ru� (26)

Substitution of Eqs. (25) and (26) and into Eq. (24) leads to

A ��ru; cT3� � r2usin�1	cT3=�2ru�
 � �cT3=4��
��������������������
4r2u � c2T3

q
� (27)

C. Composite Teardrop Sectors

A geometrical object derived from the concept of a circular sector
is the teardrop sector illustrated in Fig. 7. In this case, the shaded area
is denoted byA�2. This type of sector is useful over a certain range of
parameters when computing the coverage area, specifically when the
range shell is large enough to intersect a target altitude shell on the
lowest end of the �ŷ side of the plane.

Traditionally, the area of a circular sector is defined as

A �1
�R; jP1P2j� � 1

2
�R2 (28)

where

�� cos�1
�
jP1P2j2 � jP1Sj2 � jP2Sj2

�2jP1SjjP2Sj

�
(29)

denotes the angle interior to the sector, P1P2 represents the chord, R
is the radius of curvature, and S defines the origin: in this case, the
satellite. The area of a teardrop sector can subsequently be expressed
as a sum of two fundamental components: a triangle and a circular
segment, or its complement. In this case,

A �2�r; R; jP1P2j�

�
�
A△�R; jP1P2j; R� �A��r; jP1P2j�; R <

���������������
r2s � r2

p
A△�R; jP1P2j; R� � ~A��r; jP1P2j�; R �

���������������
r2s � r2

p
(30)

D. Composite Triangular Elements

In the course of devising geometrical arguments to compute the
area of coverage, two types of composite triangles are often
encountered. In this case, a composite triangle refers to a three-sided
geometrical shape for which the sides consist of any combination of
line segments and spherical arcs. Figure 8 illustrates one possible
type of composite triangle that is sometimes encountered in the
process of computing the effective coverage area. In this investi-
gation, this type of composite triangle is denoted �1. This type of
geometry is employed in the determination of the coverage area in the
examples presented later in this document.

For the geometry in Fig. 8, the radius of A2L2A

_

is rl, and the radius

of A2T2
_

isR. The areaA�1
of this composite triangle is a function of

the areas of A2L2A

_

, A2T2
_

, and the triangle defined by verticesA2,T2,
and L2A. Because the Cartesian coordinates of these vertices are
known, we find that

A ��rl; jA2L2Aj�� r2l sin�1
�
jA2L2Aj
2rl

�
�jA2L2Aj

4
�
������������������������������
4r2l �jA2L2Aj2

q
�

(31)

A ��R; jA2T2j� � R2sin�1
�
jA2T2j
2R

�
� jA2T2j

4
�
�����������������������������
4R2 � jA2T2j2

q
�

(32)

A△�jA2T2j; jA2L2Aj; jT2L2Aj�

�
����������������������������������������������������������������������������������
s�s � jA2T2j��s � jA2L2Aj��s � jT2L2Aj�

q
(33)

Thus, the equation that describes the area of the composite triangle in
Fig. 8 is given byFig. 6 Area of circular segment.
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A �1
�rl; R; jA2T2j; jA2L2Aj; jT2L2Aj�
�A△�jA2T2j; jA2L2Aj; jT2L2Aj� �A��rl; jA2L2Aj�
�A��R; jA2T2j� (34)

where

s� 1
2
�jA2T2j � jA2L2Aj � jT2L2Aj� (35)

and

jA2T2j �
��������������������������������������������������������
�xA2 � xT2�2 � �yA2 � yT2�2

q
(36)

jA2L2Aj �
�����������������������������������������������������������
�xA2 � xL2A

�2 � �yA2 � yL2A
�2

q
(37)

jT2L2Aj �
�����������������������������������������������������������
�xT2 � xL2A

�2 � �yT2 � yL2A�2
q

(38)

Another type of composite triangle �2 is illustrated in Fig. 9. This
type of geometry is typically visible when the satellite crosses one of
the target altitude shells, in this case the UTAS. The area of the

geometry illustrated in Fig. 9 is determined as

A�2
�rl; jL2BSj; jL1BL2Bj; jL1BSj��A△�jL2BSj; jL1BL2Bj; jL1BSj�
�A��rl; jL1BL2Bj� (39)

E. Intersection of Circular Elements

The shaded area in Fig. 10 is denoted as ARS\LTAS. However, the
formulation presented here is also applicable to ARS\UTAS. Let O
denote the origin in Fig. 10 such that jOA1j � rl and jSA1j � R. The
shaded area in Fig. 10 is easily determined by adding the area of two
adjacent circular segments, each individually determined from
Eq. (27):

A RS\LTAS�rl; R; jA1A2j� �A��rl; jA1A2j� �A��R; jA1A2j� (40)

This equation, however, is not applicable for all possible types of
intersections between the two circles. The actual value of the
coverage area depends on where the two circles intersect and the
location of these points relative to S andO. Figure 11 illustrates four
possible cases relevant to this investigation thatmust be considered in
accurately computing the area of intersection. More specifically,
Figs. 11a and 11b are associated with R < rl, whereas Figs. 11c and
11d correspond to R � rl. Figure 11a is further associated with

rs >
����������������
r2l � R2

p
, whereas Fig. 11b is associated with rs �

����������������
r2l � R2

p
.

Similarly, Fig. 11c corresponds to rs >
����������������
R2 � r2l

p
, whereas Fig. 11d

implies rs �
����������������
R2 � r2l

p
. The area of intersection between the RS and

the LTAS is subsequently determined as

Fig. 7 Area of a teardrop pattern.

Fig. 8 Composite triangle �1.

Fig. 9 Composite triangle �2.

Fig. 10 Area of intersection between two circles.
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A RS\LTAS �

8>>>>><
>>>>>:

A��R; jA1A2j� �A��rl; jA1A2j�;

8<
:
rl > R and rs >

����������������
r2l � R2

p
or
rl � R and rs >

����������������
R2 � r2l

p
�R2 �A��R; jA1A2j� �A��rl; jA1A2j�; frl > R and rs �

����������������
r2l � R2

p
�r2l �A��rl; jA1A2j� �A��R; jA1A2j�; frl � R and rs �

����������������
R2 � r2l

p
(41)

The three cases listed in Eq. (41), in the order presented, are
associated with Figs. 11a, 11d, 11b, and 11c, respectively.

V. Single Satellite Above the Horizon Coverage Area

The area calculation is divided into three main cases. Case 1
corresponds to a satellite located below the LTAS and above the
THS, rt � rs < rl. In Case 2, the satellite orbit exists between
the LTAS and UTAS, rl � rs < ru. Finally, a satellite situated above
the UTAS leads to case 3, rs � ru. Within each of these cases,
the specific combination of geometrical components selected for the
computation of the coverage area is further influenced by the size of
the range shell R. The magnitude of R, given a specified value of rs,
subsequently affects the intersections of the range shell along the
tangent line (T1 and T2). Because there are two such intersections,
symmetric about the ŷ axis, the following discussion focuses strictly
on the intersection that defines the line segment jT2Sj. The notation
adopted in this document to refer to these individual cases is
summarized in Tables 1–3.

The illustrations in Figs. 12–14 offer graphical examples of each
of these subcases so that the reader can better visualize why the
area calculation is affected. The definitions in Tables 1–3 are
subsequently employed to identify the corresponding coverage area
equations listed in Tables 4–6.Note that there are a total of 18 cases to
consider in computing the coverage area, not including specific
subcases introduced by Eq. (41). In Tables 1–3, the symbol� implies

an empty set. Thus, jA1A2j � � indicates the RS does not intersect
the LTAS.

Naturally, there is no uniqueway of representing the coverage area
for a specific set of parameters. In fact, two individuals attempting to
compute the same coverage area might choose to decompose the
same region into a completely different set of geometrical elements.
Thus, the cases summarized in Tables 4–6 are merely one possible
representation of the area equation for each case. Care is exercised,
however, in selecting a formulation that simplifies the calculation
and leads to a systematic approach for constructing the resulting
continuous piecewise differentiable function that describes the
coverage area.

Ultimately, the contents of Tables 4–6 define an objective function
that can be subsequently implemented in an optimization process to
identify the optimal altitude that maximizes the constrained ATH
coverage area. An example of this process is presented next. To
demonstrate how one arrives at each of the equations in Tables 4–6,
consider case 2(d.i). The coverage area equation for case 2(d.i) can
be decomposed into several area elements, including AUTAS\RS,
ALTAS\RS,A�2

, andA�1
. Figure 15 illustrates how the total coverage

area is constructed from these elements.

A. Example 1

Figure 16a depicts the coverage area as a function of satellite
altitude for a fixed sensor range. As expected, the coverage area is

a) R < rl and rs > r2
l
 – R2

c) R > rl and rs > R2 – r2
l

d) R > rl and rs < R2 – r2
l

b) R < rl and rs < r2
l
 – R2

–

–

Fig. 11 Area of intersection between RS and LTAS.

Table 1 Coverage area subcases for rt �
rs < rl (see Fig. 12)

Condition Case no.

jT2Sj< jL2ASj 1(a)

jL2ASj � jT2S < jU2AS 1(b.i): jA1A2j ≠ �

1(b.ii): jA1A2j � �

jU2ASj � jT2Sj 1(c.i): jA1A2j ≠ �

1(c.ii): jA1A2j � �

Table 2 Coverage area subcases for rl �
rs < ru (see Fig. 13)

Condition Case no.

jT2Sj< jL2BSj 2(a)

jL2BSj � jT2Sj< jL2ASj 2(b)

jL2ASj � jT2Sj< jU2ASj 2(c.i): jA1A2j ≠ �

2(c.ii) jA1A2j � �

jU2ASj � jT2Sj 2(d.i): jA1A2j ≠ �

2(d.ii): jA1A2j � �

Table 3 Coverage area subcases for ru �
rs < rs3 (see Fig. 14)

Condition no. Case no.

jT2Sj< jU2BSj 3(a)

jU2BSj � jT2Sj< jL2BSj 3(b)

jL2BSj � jT2Sj< jL2ASj 3(c)

jL2ASj � jT2Sj< jU2ASj 3(d.i): jA1A2j ≠ �

3(d.ii): jA1A2j � �

jU2ASj � jT2Sj 3(e.i): jA1A2j ≠ �

3(e.ii): jA1A2j � �
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nullified as r! rs3 . In this particular example, the maximum
coverage area is achieved when the satellite altitude is 1353 km for
R� 5000, hl � 1000, hu � 5000, and ht � 100 km. The corres-
ponding geometrical configuration is illustrated in Fig. 16b. It is
interesting to note that, unlike the BTH case, maximizing � does not
lead to maximum coverage area. Also, unlike the traditional ATH

case, R1 � R2 does not offer the maximum coverage area for a fixed
altitude band. In fact, the results of this study indicate that there is no
obvious relation between the coverage angle and the maximum
coverage area. Thus, the methodology presented here is an important
step toward identifying optimal constellations for maximum ATH
altitude band limited coverage.

Table 4 Coverage area for rt � rs < rl (see Fig. 12)

Case no. Area

1(a) A�AUTAS\RS �ALTAS\RS
1(b.i) A�AUTAS\RS �ALTAS\RS � 2A�1

�R; rl; jT2L2Aj; jT2A2j; jA2L2Aj�
1(b.ii) A�AUTAS\RS � �r2l �A�1

�R; jT1T2j� �A�2
�rl; R; jL1AL2Aj�

1(c.i) A�AUTAS\RS � ALTAS\RS � 2A�1
�rl; R; jT2L2Aj; jT2A2j; jA2L2Aj� � 2A�1

�ru; R; jT2U2Aj; jT2B2j; jB2U2Aj�
1(c.ii) A� �r2u � �r2l �A�2

�ru; R; jU1AU2Aj� �A�2
�rl; R; jL1AL2Aj�

Table 5 Coverage area for rl � rs < ru (see Fig. 13)

Case no. Area

2(a) A�AUTAS\RS �A�1
�R; jT1T2j�

2(b) A�AUTAS\RS �ALTAS\RS �A�2
�rl; jL1BSj; jL1BL2Bj; jL2BSj�

2(c.i) A�AUTAS\RS �ALTAS\RS � A�2
�rl; jL1BSj; jL1BL2Bj; jL2BSj� � 2A�1

�rl; R; jT2L2Aj; jT2A2j; jA2L2Aj�
2(c.ii) A�AUTAS\RS �ALTAS\RS �A�2

�rl; jL1BSj; jL1BL2Bj; jL2BSj� �A�1
�R; jT1T2j� �A�2

�rl; R; jL1AL2Aj�
2(d.i) A�AUTAS\RS �ALTAS\RS � A�2

�rl; jL1BSj; jL1BL2Bj; jL2BSj� � 2A�1
�rl; R; jT2L2Aj; jT2A2j; jA2L2Aj�

A�A� 2A�1
�ru; R; jT2U2Aj; jT2B2; j; jB2U2Aj�

2(d.ii) A� �r2u � �r2l �A�2
�ru; R; jU1AU2Aj� �A�2

�rl; R; jL1AL2Aj� �A�2
�r1; jL1BSj; jL1BL2BjjL2BSj�

Table 6 Coverage area for rl � rs < ru (see Fig. 14)

Case no. Area

3(a) A� 0
3(b) A�AUTAS\RS �A�1

�R; jT1T2j� �A�2
�ru; jU2BSj; jU1BU2Bj; jU1BSj�

3(c) A�AUTAS\RS �A�2
�rl; jL1BSj; jL1BL2Bj; jL2BSj� �A�2

�ru; jU1BSj; jU1BU2Bj; jU2BSj�
3(d.i) A�AUTAS\RS �A�2

�rl; jL1BSj; jL1BL2Bj; jL2BSj� �A�2
�ru; jU1BSj; jU1BU2Bj; jU2BSj�

A�A � 2A�1
�rl; R; jT2L2Aj; jT2A2j; jA2L2Aj�

3(d.ii) A�AUTAS\RS � �r2l �A�2
�rl; jL1BSj; jL1BL2Bj; jL2BSj� �A�2

�ru; jU1BSj; jU1BU2Bj; jU2BSj�
A�A �A�2

�R; jT1T2j� �A�2
�rl; R; jL1AL2Aj�

3(e.i) A�AUTAS\RS �ALTAS\RS �A�2
�rl; jL1BSj; jL1BL2Bj; jL2BSj� �A�2

�ru; jU1BSj; jU1BU2Bj; jU2BSj�
A�A � 2A�1

�rl; R; jT2L2Aj; jT2A2j; jA2L2Aj� � 2A�1
�ru; R; jT2U2Aj; jT2B2j; jB2U2Aj�

3(e.ii) A� �r2u � �r2l �A�2
�ru; R; jU1AU2Aj� �A�2

�r1; R; jL1AL2Aj� �A�2
�rl; jL1BSj; jL1BL2Bj; jL2BSj�

A�A�A�2
�ru; jU1BSj; jU1BU2Bj; jU2BSj�

Fig. 12 Case 1 scenarios.
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Fig. 13 Case 2 scenarios.

Fig. 14 Case 3 scenarios.

Fig. 15 Coverage area calculation for case 2(d.i).
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B. Example 2

A more complete analysis of the optimal solution space is
presented in Figs. 17a and 17b. These figures depict contours of
optimal satellite altitude as a function of sensor range and upper
target altitude. In this particular example, the tangent height is
defined as 100 km and the lower target altitude is fixed at 600 km
to simplify the visualization of the optimal altitude trends. For
completeness, the satellite altitudes considered range from 100 to
15,000 km. TheUTAS altitude values employed in this example span
from 700 to 10,000 km. Finally, the sensor range is sampled between
10 and 20,000 km. These three parameter spaces are used to define
a three-dimensional 5000 � 5000 � 5000 parameter grid, subse-
quently used to identify the optimal satellite altitude for each
combination of ru and R. That is, for each combination of ru and R,

the coverage area is evaluated 5000 times for a satellite altitude
between 100 and 15,000 km. From those results, a maximum
coverage area is tentatively selected based on programming logic.
Once a candidate maximum is identified, a one-dimensional line
search is performed to obtain a more accurate estimate of the optimal
satellite altitude.

The most interesting features of Fig. 17b are the two ridge lines
that separate the central region of the contours from the exterior
regions. Numerical examination of these ridge lines reveals that the
lower ridge line corresponds to the set of optimal solutions associated
with a critical intersection between L2A, T2, and A2. By symmetry, at
that same altitude, there is also an intersection between L1A, T1, and
A1. Similarly, the upper ridge line is representative of optimal
solutions associated with the critical intersection ofU2A, T2, and B2.

Fig. 16 Example 1: a) coverage area and �out vs hs, and b) resulting optimal configuration.
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It is also interesting to note that, in the exterior regions outlined by
these ridge lines, the relation between the maximum coverage area
and the sensor and upper target altitudes seems relatively linear,
unlike that observed in the interior region. Although the significance
of this trend is of interest for future investigations, it is not the focus of
the present study. Every design problem is linked to a different set of
constraints and parameters, all of which affect the trends outlined in
these figures. Thus, it would be premature to draw any globally defi-
nitive conclusions from these results. However, the results presented
here do offer a proof of concept for the proposed methodology.
The algorithm andgraphical tools developed during the course of this
study are an important first step toward the identification of optimal
constellations for maximum dual-altitude band ATH coverage. In
that case, the goal is to identify theminimum number of satellites and
the optimal arrangement required to maximize ATH coverage over a
prespecified altitude and latitude band.

VI. Conclusions

The present study focuses on the identification of the optimal
satellite altitude necessary to achieve maximum coverage of targets
against a space background within a prespecified dual-altitude band

assuming an omnidirectional sensor range. Unlike earlier results
regarding optimal BTH coverage and single-altitude band ATH
coverage, no direct correlation exists between the coverage angle and
the maximum coverage area. This investigation further reveals that
no simple closed-form equation exists when defining the ATH
coverage area between a prespecified dual-altitude band. However,
the coverage area, in this case, can be represented as a nonlinear
continuous piecewise differentiable function. The key to computing
the coverage area in this more complex case lies in the proper
identification of the mutual intersections between the TL cone, the
RS, the UTAS, and the LTAS. All relevant geometrical arrangements
are identified and discussed in this study. The most important
outcome of this study is the successful identification of a continuous
piecewise differentiable objective function that relates the dual-
altitude band ATH coverage area (i.e., the area of the cross section of
axially symmetric coverage volume) to the satellite altitude, sensor
range, and the dimensions of the LTAS, UTAS, and THS. This
represents a fundamental first step toward a systematic approach for
the design of optimal constellations for maximum dual-altitude band
ATH coverage, specifically, constellations that may potentially
impose additional constraints on the visible region of interest, such as
a prespecified latitude band.

Fig. 17 Sample a) optimal height surface, and b) contours.
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